In recent years, TiO2, as a potential electrode material in Li and Na batteries, has been the subject of considerable experimental and computational research. However, the typical density functional theory (DFT) functionals used (e.g. the generalised gradient (GGA)) for such calculations are not without their shortcomings. To avoid these well-known issues, we report the first use of hybrid DFT calculations to calculate the Li and Na intercalation properties for anatase, rutile and TiO2(B). The magnitude of GGA intercalation voltage underestimation is shown to vary depending on the polymorphs. We find that Li intercalation is most energetically preferred in anatase, while Na intercalation is most feasible for TiO2(B). Using the screened exchange hybrid functional, all intercalation processes are shown to be thermodynamically favourable, with the exception of Na in rutile. The electronic structures of these intercalated materials are also calculated and significant improvements, in terms of band-gap prediction and charge localisation, are presented in comparison to GGA. We hope that our results will encourage more use of hybrid density functionals in the modelling of fundamental battery material properties.
Introduction
The ongoing search for new, cheap, safe and more efficient battery materials to quell the ever rising demand for portable and large-scale energy applications has led to tremendous amounts of research [1] [2] [3] [4] . In particular, TiO2-based materials have proven to be popular in this search as a result of their low cost, light weight and nontoxicity 5, 6 . Numerous TiO2 polymorphs have been investigated, both experimentally and computationally, for their performance as battery anodes and ability to incorporate Li and Na ions. It has been shown that nanoscale and nanoporous TiO2 can incorporate more Li and Na electrolytes compared to the respective bulk materials, resulting in high cycle life and improved charge density from the suppressed formation of the solid electrolyte interphase [7] [8] [9] . An understanding of the behaviour of the intercalated metal ions in a host material is essential to understanding its electrochemical performance and for the development of new and improved battery materials.
Anatase, rutile and TiO2(B) have all been examined for their potential application in Li-and Na-based battery materials and a wide range of results has been reported. It has been experimentally confirmed that anatase can readily incorporate Li 5, [8] [9] [10] . For Na, however, the situation is not as clear and is dependent on the TiO2 nanostructure. Xiong et al. 11 tested nanowire TiO2 grown on a Ti substrate, but only a low maximum capacity was achieved and it was concluded that anatase was inactive in their cell. Alternatively, for Na-intercalated nanocrystalline anatase 12 and anatase nanorods 13 , excellent cyclability and high-rate capabilities were reported. Furthermore, in a recent study 14 , it was shown that Na-intercalated anatase TiO2 has a higher capacity and superior cycling, compared to amorphous and rutile TiO2. Such a contradiction is an example of where computational studies can assist in the development of an understanding of the insertion process in such materials. As discussed, intercalation into bulk anatase samples is limited by a number of factors including phase separation, whereas nanostructured samples can access stoichiometries that are usually unstable in the bulk, potentially allowing for increased charge densities [15] [16] [17] .
Li intercalation is also possible for rutile [18] [19] [20] , although it is well known that it cannot intercalate as much as Li as the anatase phase, although nanostructuring can again significantly improve this issue 18 . As a result of this limitation, there has been less research interest focused on rutile, compared to anatase and TiO2(B). With regards to Na intercalation, sodiated rutile can be formed, but its electrochemical activity is poorer than that of anatase 14 . In a recent study 21 , however, rutile microspheres, anchored by nanoneedle clusters, have been shown to exhibit good energy storage behaviour. The authors also suggest that rutile TiO2 could be a new promising candidate for anodes in Na ion batteries. TiO2(B) is lower in density than anatase and rutile and is therefore an excellent host material for intercalation 22, 23 . For example,
Li-intercalated TiO2(B) nanowires have been shown to produce electrochemical properties 22 .
The relatively open tunnel structure of TiO2(B) also means that it can incorporate Na and when it is produced in the form of nanotubes, it has good cycle stability and high rate performance 23 .
Good electrochemical performance has also been reported for Na-intercalated TiO2(B)/graphene nanocomposite anodes 24 . Even from this short summary of the literature concerning Li and Na intercalation in TiO2, it is clear that there is a significant amount of contradictory experimental results and that the intercalation and electrochemical performance of these materials is highly dependent on their nanostructuring.
These three TiO2 polymorphs have also been considered in density functional theory (DFT) studies. Morgan and Watson 15 used the generalised gradient approximation (GGA) with the Hubbard U correction to calculate Li intercalation into anatase. They found good agreement with the experimental values for the intercalation energy and interoctahedral diffusion. For rutile, Li intercalation has also been shown to be energetically favoured 25 , although not to the same extent as anatase 26 . Using a variety of DFT functionals, Morgan and Madden 27 studied
Li intercalation in TiO2(B). It was discovered that the GGA and local density approximation (LDA) predict the same general behaviour, but both fail to give the correct electronic structures.
Dalton et al. 28 combined DFT and Monte Carlo simulations to study the thermodynamics of Li intercalation in TiO2(B). They calculated that Li intercalation is thermodynamically favourable up to a Li/Ti ratio of 1.25, higher than the theoretical maximum usually assumed for TiO2.
Alternatively, computational studies of Na intercalation in these polymorphs is limited. Li, Na and Mg intercalation were considered in anatase, rutile, TiO2(B) and amorphous TiO2 using the Perdew-Burke-Ernzerhof (PBE) functional 29 . In this comparative study, intercalation energies were calculated for each polymorph using each intercalating metal and it was found that every type of intercalation was favourable, with the exception of Na intercalation in rutile.
Nearly all of the DFT studies on this topic use the LDA or GGA, which have both been shown to underestimate intercalation energetics 30 and fail in reproducing several other structural and electronic properties of the host materials. They are also well-known for their severe band-gap underestimation and inaccuracies in the calculation of defect transition levels.
While some of these errors can be reduced using post-DFT methods like the inclusion of the Hubbard U parameter, they are often fitted for the desired purpose and it is not clear whether they are sufficiently accurate in predicting defect levels 31, 32 .
To correct for the problems associated with local-density methods, in this work, we use the screened exchange (sX) functional for the calculation of Li and Na defect formation energies, charge transitions and electronic structures in anatase, rutile and TiO2(B 31, 32, 35, 36 . In calculations of intrinsic defects in both anatase 33 and rutile 33, 34 , the sX functional achieved excellent agreement with experiment in terms of the band-gaps, defect localisation and energetics. It should be noted that to some extent, TiO2 is an ideal case for examining the differences between the results from hybrid and standard functionals as a result of the d electrons, which are particularly affected by the self-interaction error.
Methodology
All calculations were completed using the CASTEP plane-wave density functional theory code 37 . The sX calculations were completed using norm-conserving pseudopotentials for Ti, O, Li and Na, with the Ti and O pseudopotentials being generated by the OPUIM method 38 . A plane-wave cutoff energy of 750 eV was used for the sX calculations. The Thomas-Fermi screening length was set to 2.15 Å -1 for all the TiO2 polymorphs. This value has previously been proven to be appropriate for rutile TiO2 34 and was chosen with consideration of the experimental band-gap of the material. For comparison, we also used GGA calculations with ultrasoft pseudopotentials and the Perdew-Burke-Ernzerhof (PBE) functional 39 . The valence electrons in these calculations were described by a plane-wave basis set with an energy cutoff of 500 eV. For anatase, a supercell containing 108 atoms with 3 x 3 x 1 unit cells was used for intercalation calculations. A 96 atom supercell consisting of 2 x 2 x 4 unit cells was used for rutile and a 96 atom supercell consisting of 1 x 2 x 2 unit cells was used for TiO2(B). The internal geometries were relaxed within both sX and GGA using a single k-point at the Γ point and a 2 x 2 x 2 k-point mesh, respectively.
The defect formation/intercalation energy, Hq, as a function of Fermi energy (ΔEF) from the valence band edge (EV) and the relative chemical potential (Δµ) of element α, can be calculated from the total energies of the defective supercell (Eq) and the perfect supercell (EH) using the following formula:
where qEV is the change in energy of the Fermi level when charge q is added and nα is the number of atoms of species α. The Li and Na chemical potentials (µLi/ µNa) were calculated using body-centred cubic Li and Na metal unit cells, respectively. The metal-rich (O-poor)
limit is assumed in all our calculations. Defect charge transition levels are not affected by chemical potentials.
Results and discussion

Undoped TiO2 polymorph properties
The crystal structures of anatase, rutile and TiO2(B) are shown in Fig. 1 . Anatase TiO2 belongs to the I41/amd space group. In the structure, oxygen atoms form edge-sharing distorted octahedra, half of these octahedra are occupied by Ti atoms, while the other half are vacant and can act as potential intercalation sites. In nature, rutile is the most common form of TiO2 and it adopts the P42/mnm space group. The TiO6 octahedra in rutile share edges in the c direction and corners in the ab planes. The space between occupied octahedra, used for Li and Na intercalation, is smaller in rutile compared to anatase. The TiO2(B) structure is a member of the C2/m space group and is composed of edge-and corner-sharing TiO2 octahedra. This structure has three distinct sites available for the intercalation of ions. 
TiO2(B)
The lattice parameters for the three TiO2 polymorphs, calculated using sX and GGA, are given in Table 1 , experimental values are also provided for comparison. It can be seen that both the functionals are capable of reliably reproducing the TiO2 structures. While the GGA tends to marginally overestimate the lattice parameters, the sX functional somewhat underestimates the values. Overall, the sX functional generally reproduces the structures more accurately compared to the GGA. However, it is noteworthy that the GGA lattice parameters calculated in this work are a significant improvement on some of the values previously reported 15, 27, 42, 43 .
The results for the sX calculated lattice parameters of rutile are in perfect agreement with the previous study 34 . Unfortunately, to the best of our knowledge, there are no previous sX calculations of bulk anatase or TiO2(B) to compare to.
The partial density of states (PDOS) for the three studied TiO2 polymorphs, calculated using the GGA and sX functionals, are plotted in Fig. 2 . The valence bands of these structures are mostly made up of O 2p states with a high effective mass, whereas the conduction bands are mostly made up of Ti 3d states. As illustrated by Fig. 2 , excess electrons in these materials will be centred on the d states of the cations, whereas electron holes are centred on the 2p states of the anions, consistent with electron paramagnetic resonance data 44 . The GGA calculated bandgaps for anatase, rutile and TiO2(B) are 2.04, 1.77 and 2.57 eV, respectively. As expected, all three materials suffer from significant band-gap underestimation compared to the experimental values, although the underestimation is smaller for TiO2(B). These values agree well with previous GGA calculations [45] [46] [47] . For sX, the calculated band-gaps are 3.51, 2.94 and 3.71 eV for anatase, rutile and TiO2(B), respectively. Experimentally, the band-gaps for anatase, rutile and TiO2(B) are 3.20, 3.03 44 and 3.22 eV 48 , respectively. Clearly, sX reproduces the band-gaps of these polymorphs better than GGA, although there is some overestimation for anatase and TiO2(B). Band-gap overestimation for some TiO2 polymorphs has also been shown for GW calculations 45 . Our sX calculated band-gaps are in excellent agreement with those previously calculated using the Heyd-Scuseria-Ernzerhof (HSE) hybrid functional [49] [50] [51] [52] . Fig. 2 . PDOS of the three TiO2 polymorphs calculated using the GGA and sX functionals. Various experimental and computational studies have reported that the intercalated ions in do not sit perfectly sit at the centre of the O6 octahedra for anatase 15, 54 and rutile 25 , or the C site in TiO2(B) 43 . The energetic ease for such displacements to occur is a measure of the mobility of Li and Na in these materials. Before calculating the intercalation energies and properties
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with the sX functional, we first begin by probing the lowest energy intercalation sites, taking into account displacements, using GGA.
For anatase, displacements were tested along the c direction from the energetically stable octahedral intercalation sites. Our calculations confirmed that for Li, a small displacement of ~0.3 Å is the most energetically stable, although it is only 0.01 eV more stable than the centre of the octahedra. This is in good agreement with displacements measured from neutron diffraction 54 and molecular dynamics 55 . For Na, a slightly larger displacement of ~0.4 Å was preferred. Similar results have been reported using GGA 29 , where small displacements were measured for Li and larger displacements were observed for Na and Mg. It is noted that the displacements up to these optimised values have the same energies as the central octahedral sites, which once again confirms the relative ease of Li and Na diffusion in TiO2. Similar displacements are also known occur in rutile 25, 56 . Our calculations show an optimal displacement of ~0.5 Å for Li along the c direction. Interestingly, there was an energy penalty for displacement of Na away from the octahedra centre, perhaps suggesting a lack mobility for Na in this polymorph, in agreement with the poorer electrochemical performance reported for sodiated rutile 14 .
There is some debate in the literature over the lowest energy intercalation site in TiO2(B) at the dilute limit. The energies calculated in this work for neutral Li and Na at the C, A1 and A2 sites, with respect to the lowest energy site, are listed in Table 2 . On the basis of our results, the C site is clearly the lowest energy site (at the dilute limit) for both Li and Na. This is in agreement with a number of previous experimental and DFT studies for Li intercalation 27, 29, 43, 57 . However, it must be noted that there is also a selection of computational studies that predict that the C site is not the most energetically favourable 27, 28, 58 , contrary to neutron diffraction experiments 57 . To the best of our knowledge, the Na intercalation sites in TiO2(B) have only once been studied in detail in the literature 29 , where it was reported that the C site was the most stable site. Similar to anatase and rutile, off-centre displacements for the intercalating ions in TiO2(B) have been reported experimentally 57 and computationally 43 . A small energy gain was also observed in this work for displacements in the b direction of 0.3 and 0.2 Å for Li and Na, respectively. 
Li/Na insertion energetics and voltages
Now that the lowest energy intercalation sites have been identified, we use GGA and sX hybrid functional calculations to determine the defect formation/intercalation energies for Li and Na at a composition of x(Li/Na) = 0.03 in the three TiO2 polymorphs. The calculated energies are plotted against the EF in Fig. 4 . The EF ranges in the plots in Fig. 4 are determined by the appropriate GGA or sX calculated band-gap of the material, as discussed in Section 3.1. In the vast majority of studies concerning the calculation of intercalation energies using DFT methods, only simplistic defect formation energy equations are considered and usually only neutral defects are considered. In this study, we consider both the neutral and 1+ states of the intercalating ions, so that we can also analyse the charge transition levels for Li and Na in these materials. It is common for hybrid functionals to predict lower formation energies for donor defects compared to standard functionals such as GGA. This has been shown several times for defect studies of rutile TiO2 with HSE 49,50 and sX 34 . Our results are no exception, with the energies for Li + and Na + in all three polymorphs being lowered by ~1 eV using sX, compared to GGA.
However, the picture for the intercalation energies (neutral defects) is not so clear. For Li and Na in anatase and TiO2(B), in going from GGA to sX, the intercalation energies become more negative, or in the case of Na in anatase, they move from a positive or a negative value. These results agree well with the underestimation of intercalation energies, compared to experiment, sometimes associated with GGA 30,59-61 . However, for rutile, the sX calculated Na and Li intercalation energies are almost identical to the values from GGA. This illustrates that GGA intercalation energy underestimation is not always solved by hybrid functional techniques and/or that the underestimation is structurally dependant. However, it must be noted that structural dependency is a common issue for DFT functionals, including GGA, so this cannot be considered a major drawback for the sX functional.
We can convert our intercalation energies to average equilibrium voltages, V̅ , using the following equation:
where ΔG is the difference in Gibbs free energy between the de-lithiated/sodiated phase (charged state) and lithiated/sodiated phase (discharged state) and F is the Faraday constant.
This calculation can be simplified by the fact that ΔG can be approximated by the internal (potential) energy change per intercalated Li or Na (i.e. the intercalation energy) because the vibrational and configurational entropy contributions to the cell voltage at room temperature are expected to be small. The calculated voltages are presented in Table 3 . Table 3 . Li and Na intercalation voltages for the three TiO2 polymorphs, calculated using GGA and sX. Voltages have been omitted for the predicted non-intercalating species. It is has been both experimentally and computationally shown that anatase will readily incorporate Li [8] [9] [10] 15 . Experimentally, anatase is generally considered to be the most feasible TiO2 polymorph for Li incorporation because of its three dimensional open structure 13 and this is in perfect agreement with our results. Li in anatase has been shown to have an initial (2) intercalation voltage of ~2.5 V, which then rapidly falls to 1.78 V by x(Li) = 0.05 15 . Our sX Li intercalation voltage of 2.05 V is in agreement with this, however, our GGA value of 1.69 V is too small. For Na in anatase, GGA predicts a positive intercalation, meaning that its incorporation is thermodynamically unfavourable, using sX, a small voltage of 0.14 V is obtained. This low voltage is to be expected given the increased ionic radius of Na (1.02 Å) compared to Li (0.76 Å) 62 . It also supports the experimental and computational evidence for the difficulty of intercalating Na into anatase, particularly for bulk samples [11] [12] [13] 29 . Xiong et al. 11 proposed that crystalline TiO2 cannot support Na intercalation above 0.8 V, which agrees well with our findings. To the best of our knowledge, Na intercalation into TiO2 nanostructures or surfaces has not been considered computationally, but this is certainly a topic of interest and it should allow us to see the real difference between the intercalation voltages in the bulk and nanostructured materials. Alternatively, amorphous TiO2 has been computationally considered for Li and Na intercalation 29 . Using GGA, Legrain et al. 29 showed that the lowest energy sites in their amorphous model have great potential for Li and Na incorporation with intercalation energies as large as -3.06 and -2.54 eV for Li and Na, respectively, higher than any values reported for anatase, rutile and TiO2(B).
Li intercalation in rutile is also thermodynamically favourable, albeit to a lesser extent than anatase or TiO2(B). This is again, in excellent agreement with experimental findings, where rutile is known to incorporate less Li than both anatase 18 and TiO2(B) 22 . 
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. On the basis of our results, out of the three bulk TiO2 polymorphs considered, rutile is the worst choice as an anode material in both Li and Na batteries.
For TiO2(B), the calculated Li and Na intercalation voltages are somewhat similar, although the underestimation from GGA is still present. This suggests that, unlike the other two polymorphs considered, TiO2(B) can readily incorporate both Li and Na. Experimental voltages for Li-intercalated TiO2(B) range from 1.75 to 2.00 V for x < 0.125 64 and ~1.5 V for nanostructures with x = 0.5 64 . Our sX value of 1.52 V is in good agreement with these ranges, although it is still somewhat of an underestimate, it is a significant improvement on our GGA result. Computationally, GGA intercalation energies of up to -2.06 eV 29 and intercalation voltages of up to -1.64 V 43 have been reported. The significant spread of data for DFT determined intercalation energies and voltages in the literature further asserts the importance of the comparative study carried out in this work. According to our results, TiO2(B) is the only bulk polymorph that will readily incorporate Na and therefore must be proposed as the best anode material for Na-ion batteries for the three materials considered. This agrees with several electrochemical studies which show the potential of TiO2(B) in Na-ion batteries 23, 24, 65 .
Voltages of less than 1.5 V have been reported for nanostructured TiO2(B) 23, 24, 65 , which are similar to our calculated of 1.39 V. These voltages values are also higher than those reported for Na-intercalated anatase and rutile, further supporting our argument that TiO2(B) is the best candidate for application in Na-ion batteries. Favourable Na intercalation in TiO2(B) (-1.96 eV) was also shown previously using GGA calculations 29 , albeit again with a dramatic overestimation.
Electronic structures
It is well-known that GGA cannot correctly reproduce the electronic structures of Li-/Naintercalated TiO2 as a consequence of the self-interaction error 15 . While GGA+U can correct for this error and correctly localise the excess charge on one nearby Ti site, it can still be subject to band-gap error and, as discussed, the U parameter is sometimes fitted for one desired purpose. To account for these problems, we calculate the spin-polarised PDOS using the sX functional. The results are presented in Generally, in GGA calculations of TiO2, the excess charge from intercalating Li and Na ions lies at the bottom of the conduction band, with no defect states produced in the bandgap 15, 25, 27 . In such calculations, localisation fails and the charge is delocalised over all the Ti ions in the cell. From Fig. 5 , it is clear that the sX functional corrects these issues, as a gap state is formed in each of the PDOS plots, resulting from the excess Li charge. This is in agreement with the defect states found in X-ray photoelectron spectroscopy (XPS) studies of anatase 66, 67 and rutile 68 . In these calculations, the excess charge is now strongly localised on a nearby Ti site, effectively producing a Ti 3+ ion, in agreement with previous GGA+U 15, 27 , HSE 69 and
Hartree-Fock 26 calculations. The three defect states are all around 1 eV below the conduction band minimum, again, similar to previous results 15, 27, 69 . It should be noted that a recent study of Li, Na and Mg intercalation in TiO2 reported that the defect states and correct charge localisation can in fact be achieved at the GGA level 29 . This was achieved using "tuned" localised basis sets and norm-conserving pseudopotentials. However, it is certain that further investigation is required to verify these findings.
Conclusions
By employing the sX hybrid functional, we have been able to calculate accurate defect energies, intercalation voltages and electronic structures for Li-and Na-intercalated anatase, rutile and TiO2(B). Hybrid functionals have been widely applied to numerous types of materials due to their ability to more reliably reproduce various material properties, compared to standard local-density functionals which are subject to self-interaction issues. However, the use of hybrid functionals for the calculation of battery material properties is still somewhat limited.
The GGA functional has been reported to underestimate intercalation energies and this is further supported by our sX and GGA comparative calculations of Li and Na intercalation in the three studied TiO2 polymorphs. Using sX, Li intercalation is most energetically preferred in anatase, while Na intercalation is most feasible for TiO2(B). All intercalation processes are shown to be thermodynamically favourable, with the exception of Na in rutile. Intercalation voltages are generally in good agreement with experiment. Excess charge localisation at individual Ti sites is confirmed by sX DOS calculations and significantly improved band-gap prediction is shown, compared to GGA. Our hybrid calculations have also provided new physical insights into these materials, such as the existence of an energy penalty for Na offcentring in rutile, indicative of the poor electrochemical performance for this sodiated material.
Using sX allows us to abolish many of the errors associated with GGA and GGA+U, meaning that we can establish a more accurate reference point for future calculations and circumvent some of the typical arguments and confusion associated with the comparisons between local-density and post-density functional methods, and their ad hoc corrections.
However, it is important to state that hybrid functional calculations are clearly not appropriate for all calculations on Li-ion battery materials. They are still limited by computational expense and are not viable for calculations with very large supercells, which are often required for transport property or interface calculations.
